In terms of allocating an active risk budget, many advisors find that the use of a core-satellite structure allows most of the risk budget to be focused on the smaller satellite managers. In this way more discretion in the form of higher tracking error allowance can be given to those managers who the advisor is most confident can attain the highest levels of alpha, while keeping the tracking error of the overall portfolio relatively modest. In addition, given the predictability of the core portfolio, risk monitoring can be focused on the handful of satellite managers, rather than trying to monitor a variety of active managers across a number of asset classes.
A core-satellite structure can be remarkably tax-efficient, especially if the core portion of the portfolio is tax-managed. That is because the passive manager is allowed to opportunistically harvest losses and defer short-term gains subject to a modest tracking error budget. The losses harvested by such a "tax-managed core" mandate could be used to offset the taxable gains generated by the satellite managers. In this way, the core-satellite structure offers the potential to greatly increase after-tax returns. Given these efficiencies, it is no surprise that the core-satellite structure has gained in popularity over the years.
However, once advisors have decided to use a core-satellite structure, a natural question to ask is: how much of the portfolio should a taxable investor allocate to the core? In many conversations, we have come across the mistaken notion that the more talented the satellite managers, the smaller the allocation to core should be, even to the extent of reducing the core to only 20-25% of the overall portfolio. While this logic may be applicable on a pre-tax basis, it is not necessarily true on an after-tax basis for the following reasons: First, active portfolios typically have high turnover and are not tax-efficient. As a substantial portion of the pre-tax alpha is paid out as taxes, it leaves the investor with a much smaller after-tax alpha. Second, the tax-managed core portfolio generates a tax benefit by harvesting losses that can be used to shelter gains in the satellite portfolios. This can help offset any potential loss in after-tax alpha associated with taking money away from talented satellite managers. And third, the core portfolio helps reduce the active risk of the overall investment portfolio. Together, these three reasons call for a substantial allocation to core even in the presence of highly-skilled satellite managers.
When examining this same question, Quisenberry [2003] used Monte Carlo simulations and found that a 50% or more allocation to core is warranted under normal market return environments and reasonable assumptions of manager alpha.
In this paper, we use historical simulations to construct core-satellite portfolios where we can objectively control the pre-tax success of the satellite managers. We first generate a tax-managed core portfolio to track a U.S. equity benchmark index. Satellite managers with varying degrees of stock picking ability are simulated using a similar framework as in Sorensen et al. [1998] . The core and satellite segments are then combined at different allocation weights with the goal of maximizing the investor's utility. For taxable investors with moderate levels of aversion to risk, we find that the optimal allocation to the core portfolio should typically be greater than 50% even if one expects satellite managers to deliver pre-tax excess returns of up to 4%. If investors are highly risk averse or expect lower levels of alpha from the satellite managers, then the optimal allocation can be quite higher. Given that we have reached a similar conclusion to Quisenberry [2003] using a different research methodology, the robustness of the end result is amplified and supports the argument that a tax-managed core should be a meaningful part of any taxable investor's core-satellite portfolio.
Simulating the Core-Satellite Structure
We model the core-satellite structure as one tax-managed core portfolio and four satellite managers, with one manager from each of the following four U.S. equity style segments: largecap growth, large-cap value, small-cap growth, and small-cap value. The satellite managers pick stocks from their style index universe. We use monthly holdings data for the S&P BMI style indexes to define the stock universes.
In our model, the investor allocates money at inception to the four satellite managers based on the aggregate capitalizations of the underlying style indexes (or style index weights)
1
. To simplify the after-tax return calculations, the weights assigned to the four satellite managers are based on style index weights at inception and drifted thereafter. We construct the benchmark for the satellite manager composite in a similar fashion. It is a drifting blended benchmark of the underlying style indexes with weights at inception based on the style index weights. The taxmanaged core portfolio is also set to track this same drifting blended benchmark 2 .
For the core-satellite composite, we simulate the allocation to the tax-managed core portfolio to vary from 0% to 100% in increments of 5%. The satellite portfolios get the remainder of the allocation. Again, the allocations to the core and satellite portfolios are set at inception and then drifted 3 .
Simulating the Satellite Managers
We simulate satellite managers with varying degrees of skill using the framework in Sorensen et al. [1998] . Specifically, skill is defined as the proportion of stocks in the portfolio that are winner stocks. For the purpose of our simulation we determine this in advance. Winner stocks are defined as those in the top-half of the universe based on next one-year returns. We simulate portfolios that hold 40% winner stocks (poor skill) to 70% winner stocks (excellent skill) in increments of 2%. A Skill Level 50 portfolio holds 50% winner stocks, which is what one would expect from a manager with no skill.
The satellite portfolios are simulated as follows:
> At the beginning of each year, the stocks in each style universe are classified as winner stocks or loser stocks based on their performance over the coming year.
> We pick 50 stocks for each large cap portfolio and 100 stocks for each small cap portfolio. The stocks are selected using a stratified sampling approach so that the portfolio reflects its skill level. For instance, for a Skill Level 60 portfolio we would randomly pick 30 winner and 20 loser stocks for large cap portfolios and 60 winner and 40 loser stocks for small cap portfolios.
> Stocks are held in the portfolio for the entire year unless they drop out of their style universe, in which case they are replaced with a random stock pick from their style universe.
> At the end of the year, when stocks are reclassified as winners or losers based on their performance over the following year, the portfolio will no longer match its skill level and is then reconstituted so as to achieve the same. For instance, if the Skill Level 60 portfolio held only 52% winner stocks at the end of the year, we would sell 8% stocks classified as losers and replace them with winner stocks. As such, the portfolios experience turnover at the end of each year when they are revised to match their skill level as well as during the year when the underlying style universes experience changes in membership.
> The stocks are cap-weighted.
We simulate the portfolio over a ten-year period from 2006 to 2015. 2 In reality, one would manage the core against the overall S&P BMI U.S. Equity index and set the same benchmark for the satellite managers. The drifting blended benchmark that we use in this study is very similar to the overall S&P BMI U.S. Equity index. It underperforms it by only 0.04% per year and has an annualized tracking error of only 0.38%.
3 As the core and satellite segments share the same drifting blended benchmark, it becomes the appropriate benchmark for the core-satellite composite as well, irrespective of the allocation between the core and satellite segments.
Tax-Managed Core Results
The tax-managed core portfolio uses tax-management techniques to boost its after-tax return while tracking its benchmark. To prevent the tax-managed core portfolio from deviating too much from its benchmark, we constrain the active stock bets of the tax-managed core portfolio to be within +/-0.25%. Figure 1 shows the results of the simulation. The performance of the tax-managed core portfolio is shown both gross-of-fees as well as net-of-fees after deducting a 0.50% management fee. We focus on the gross-of-fees performance metrics in this paper. As the objective of the paper is to investigate how much one should allocate to core, focusing on grossof-fees performance ensures that the results are not driven by assumptions made regarding the management fees charged by the active satellite managers. Similarly, the performance is calculated before accounting for trading costs so that the results are not driven by assumptions made regarding such costs. As active managers typically charge higher management fees and incur higher turnover and trading costs, focusing on gross-of-fees performance before trading costs should result in a conservative estimate of how much one should allocate to core. All subsequent figures and analysis thereof in the paper are based on gross-of-fees performance before trading costs. Figure 1 shows that the tax-managed core portfolio had 64% turnover relative to 9% for the benchmark as it aggressively harvested losses 4 . This resulted in the portfolio having a 0.83% tracking error against the benchmark. The portfolio has similar performance as the benchmark and outperforms it marginally by 0.06% on an annualized pre-tax basis. This marginal outperformance on a pre-tax basis is primarily noise as the ex-ante expectation is that the taxmanaged portfolio will have similar pre-tax performance as the benchmark.
Also shown in Figure 1 is the after-tax performance of the tax-managed core and its benchmark 5 . The after-tax performance is calculated on a pre-liquidation as well as post-liquidation basis and is based on whether or not losses can be used to shelter gains outside the portfolio. If losses can be used to shelter gains outside the portfolio, the performance of the tax-managed core portfolio improves from 7.57% on a pre-tax basis to 9.36% on a post-tax pre-liquidation basis. This increase may appear strange at first, as one typically expects after-tax returns to be smaller than pre-tax returns. The increase is driven by the fact that the harvested losses are used immediately to shelter outside gains and the resulting tax savings are reinvested and earn the market return. The post-liquidation number falls to 8.07% as all unrealized gains are assumed to be realized at liquidation and taxed at the long-term tax rate.
If there are no external gains to be sheltered, any unused losses will be carried forward. In this case, the after-tax returns would be lower than the pre-tax numbers. The tax savings are naturally lower when the tax payer does not have extra gains to be sheltered. Dividends are also taxable and in all cases reduce the after-tax returns by about half a percent. 4 The benchmark turnover is caused by the reconstitution of the style indexes. 5 We calculate after-tax performance based on the current highest marginal federal tax rates of 23.8% for qualified dividend and long-term capital gains and 43.4% for shortterm capital gains. The after-tax returns for the benchmark are also calculated and shown in Figure 1 . As the benchmark portfolio doesn't employ tax-management techniques, its after-tax return is lower than the pre-tax return under all four methods used to calculate after-tax returns. We also show the after-tax excess returns in Figure 1 , where the tax-managed portfolio's after-tax return is compared to its benchmark's after-tax return calculated using the same method. The excess return increases from 0.06% on a pre-tax basis to above two percent on a post-tax basis when losses can be used to shelter outside gains. If unused losses are carried forward, then the after-tax excess return is around 0.11% to 0.28%. The value-added by using tax management techniques is captured by the tax management alpha, calculated as Tax Management Alpha = After-tax Excess Returns -Pre-tax Excess Returns
We see that tax management can add up to 2.35% to after-tax performance in our simulations even when the markets are earning an annualized return of 7.51%. The tax management alpha is highest when one always has gains outside the portfolio that need to be sheltered. The information ratio, measured as the ratio of excess returns to tracking error, is higher when calculated on an after-tax basis as it incorporates the tax management alpha generated by the portfolio. In this paper, we use after-tax returns that are pre-liquidation with unused losses carried forward, unless otherwise noted.
Satellite Results
As mentioned earlier, we simulate a four-manager satellite portfolio where the manager weights are set at inception and drift thereafter. All four managers have the same skill level (ranging from holding 40% to 70% winner stocks). For each level of skill, we simulate 100 such four-manager satellite portfolios. We report the average performance across the 100 simulated four-manager satellite portfolios. Figure 2 shows how the turnover of the satellite managers varies by skill. The turnover is lowest at 31% for managers with no skill (Skill Level 50), and increases monotonically as the skill level moves away from no skill in either direction. This is because all the satellite portfolios, irrespective of skill level, are likely to be close to a Skill Level 50 portfolio just prior to the annual reconstitution. The farther the portfolio is away from its required skill level, the higher the turnover needed to get the portfolio back to its required skill level. We next look at the pre-tax and after-tax performance of the satellite managers in Figure 3 . We see that the pre-tax excess return is -3.75% for managers with poor skill (Skill Level 40), 0% for managers with no skill (Skill Level 50), 3.50% for managers with good skill (Skill Level 60), and 7.25% for managers with excellent skill (Skill Level 70). Tracking error for the four-manager satellite portfolio is similar at around 3% across all skill levels.
The after-tax excess returns (pre-liquidation, unused losses are carried forward) are lower than the pre-tax excess returns, with the impact of taxes increasing as the skill level increases. For instance, managers with the highest level of skill (Skill Level 70) see their excess returns fall from 7.24% on a pre-tax basis to 5.33% after-tax. For managers with the lowest level of skill (Skill Level 40), after-tax excess returns are very close to the pre-tax numbers. This is expected as highly skilled managers have larger capital gains and face a larger tax bill than poorly skilled managers. Given that investors will choose satellite managers who are expected to have skill and beat the market on a pre-tax basis, it makes sense for investors to consider a tax-managed core portfolio that will shelter gains from the satellite portfolios. We next look at the performance of coresatellite portfolios and examine the allocation to core that is optimal for taxable investors.
Core-Satellite Results
We start by first considering a core-satellite portfolio structure where the skill level of the satellite portfolio is set at 56, which is representative of managers with moderate levels of skill and can be thought of as a reasonable approximation of what an investor with some ability to pick managers will experience. Figure 4 shows the performance of this portfolio under different levels of allocation to core.
We see that the pre-tax excess return is above two percent when we have a 0% allocation to core, and the pre-tax excess return falls monotonically to zero as we increase the allocation to core all the way to 100%. The pre-liquidation after-tax returns for this core-satellite portfolio are shown under the assumption that losses have to be carried forward and can only be used to shelter gains within the core-satellite structure. At a 0% allocation to core, the after-tax excess return is lower than the pre-tax by around 0.85% as the satellite managers are not tax efficient. This translates to a tax-management alpha of -0.85%. As one increases the allocation to the tax-managed core portfolio above 0%, the tax-management alpha of the core-satellite portfolio starts to increase and the after-tax excess return of the core-satellite portfolio converges to the pre-tax excess return numbers. At a 50% allocation to core, both the pre-tax and after-tax excess returns are similar. The opportunity cost associated with not fully participating in the stock-picking ability of satellite managers is offset by the benefits associated with using tax management techniques in the taxmanaged core portfolio. As we increase the allocation to core above 50%, we see that the aftertax excess return is higher than the pre-tax as the tax alpha becomes the predominant source of excess returns. Next, we determine what the optimal allocation to core should be. In a deterministic world, the choice would be easy -simply choose the allocation to core that generates the most wealth.
In the real world, we must take the level of uncertainty into account. As is standard in finance, we assume the investor has a quadratic utility function and chooses the allocation to core that maximizes the investor's expected utility. 6 We use the following utility function which is based on active risk and return. Utility = After-tax Excess Returns -λ*Tracking Error 2 Under this utility function, the parameter λ represents the level of risk aversion. The higher the value of λ, the more the investor would prefer investments with lower levels of active risk. When λλequals 0, the investor is risk neutral and makes investment decisions based solely on maximizing after-tax excess returns. We consider the optimal allocation to core for a risk-averse investor with a risk aversion parameter (λ) of 0.25. In Figure 5 , we plot the after-tax return similar to what we show in Figure  4 . We also show how the tracking error changes as we increase the allocation to core. The tracking error is around 3% with no allocation to core and falls to 0.83% when the allocation to core increases to 100%. Tracking error is minimized when the allocation to core is 95%. Starting from a zero percent allocation to core, we see that the investor's utility increases as we increase the allocation to core. This is because although the after-tax returns fall as we increase the allocation to core, the tracking error also falls significantly resulting in the utility going up. If we increase the allocation to core beyond 70%, tracking error doesn't fall by much relative to the drop in after-tax return and so the utility also starts to drop. For the scenario represented in Figure 5 , a 70% allocation to core would be considered optimal as the utility is maximized with an after-tax excess return of 0.90% and a tracking error of 1.13%. We next examine the sensitivity of the optimal allocation to core to the skill level of the satellite managers and to the investor's level of risk aversion. Figure 6 shows the optimal allocation to core under varying levels of manager skill and different levels of λ ranging from 0 to 0.5. When λ=0, the investor doesn't care about risk and chooses the allocation to core that maximizes the aftertax excess return. We see that when the satellite managers don't have any skill (i.e. Skill Level <= 50), the allocation to core is 100%. This is because the satellite managers earn a negative aftertax excess return while the tax-managed core earns a small positive after-tax excess return of 28 bps due to tax management. As we increase the skill level of the satellite managers, the allocation to core drops to 0% when managers have a skill level of 58 or above. For skill levels in the range of 52 to 56, an allocation to core is justified as the losses it harvests can be used to shelter the gains generated by the satellite thereby increasing after-tax excess returns.
Moving to sensitivity of the allocation to the level of risk aversion, we see that for a given level of skill, the allocation to core typically increases as we increase λ. This is because core helps diversify and reduce the active risk of the portfolio. The only scenario where the allocation to core falls as λ goes up is when the satellite managers have a skill level of 50. Under this scenario, the allocation to core falls from 100% to 95% because tracking error is minimized at a 95% allocation to core. On the whole, under reasonable assumptions regarding manager skill (i.e. Skill Level <=62) where they earn a pre-tax excess return of up to 4%, and assuming investors have at least moderate levels of aversion to risk (λλ >= 0.25), the optimal allocation to core is at least 50%. What happens if we change the method used to calculate after-tax excess returns? Figure 7 shows the results of that analysis for risk-averse investor with a λ of 0.25. We see that the optimal allocation to core increases if we can use losses to shelter gains immediately. This is expected as the value derived from tax management of the core is higher when all harvested losses can be used immediately. Alternatively, the optimal allocation to core falls if we change the calculation of after-tax performance from a pre-liquidation to a post-liquidation basis. This is because the core portfolio faces a larger tax bill at liquidation than the satellite portfolio. This is easy to see if one understands the underlying source of turnover in the portfolios. The satellite portfolios trade at the end of each year so that the portfolio reflects its skill level for the coming year. Some of the stocks it sells will be at a loss while others at a gain. On the other hand, the core portfolio is systematically trying to sell stocks at a loss and hold stocks with gains. As a result, the core portfolio will have more embedded net unrealized gains than the satellite portfolios and face a higher tax bill when these unrealized gains are ultimately realized at liquidation. We also examined how the allocation to core would change if the satellite managers had higher turnover in their portfolios. Higher turnover reduces the tax efficiency of the satellite managers and results in the optimal allocation to core to increase from at least 50% to at least 70% for riskaverse investors under reasonable levels of manager skill.
Conclusion
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